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Abstract
We study the statistics of column-convex lattice animals generated by the stacking
of squares on a staircase with step height p. We calculate the number of animals
with area k living on l stairs. The total number of animals with area k is given by the
generalized Fibonacci number Fp(k). Exact results for the mean length and mean
height of animals with area k are also obtained and we examine their asymptotic
behaviour.
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1 Introduction
A lattice animal is a connected cluster of occupied sites on a lattice or the
corresponding cluster of occupied cells on the dual lattice, also called a poly-
omino. In two dimensions, animals can be enumerated either according to
their area, the number of sites belonging to a cluster, or according to their
perimeter, the number of vacant sites which are first neighbours of occupied
sites.
The enumeration problem is quite difficult in general. Only some bounds on
the asymptotic behaviour are known [10]. For restricted classes of animals
such as Ferrers graphs, convex and/or directed animals, some exact results
have been obtained during the last two decades [1,3,4,5,7,8,11,12]. A review
of the state of the problem before 1996 can be found in [2].
In the present work, we consider lattice animals resulting from the stacking
of squares on a staircase with step height p. Two square faces are connected
Preprint submitted to Elsevier Science 2 November 2018
Fig. 1. The 6 different animals obtained by stacking 7 squares on l = 1, 2, 3 stairs
in a staircase with step height 2. The 3l− 2 dark squares build the minimal cluster
necessary to cover l stairs.
when they share an edge as shown in figure 1. Such animals are called column-
convex or vertically convex because the intersection of a vertical line with the
perimeter generates at most two connected components. The enumeration
problem and the morphology of the animals involve the generalized Fibonacci
numbers Fp(k). The case p = 0, which corresponds to the stacking of squares
on a line, is well known (see [13] for example). With p = 1, a case recently
considered in [14], one obtains a relation with the ordinary Fibonacci numbers
Fk = F1(k). A similar connection has been noticed a long time ago between
column-convex directed animals and ordinary Fibonacci numbers with odd
indices [9]
In section 2, the number of animals with area k living on l stairs is deduced
from their generating function. Their total number is given by the generalized
Fibonacci numbers Fp(k). In sections 3 and 4, we obtain exact expressions for
the mean length and mean height of an animal with area k. The asymptotic
behaviour is discussed in section 5.
2 Number of animals
We consider animals with area k living on l stairs in a staircase with step
height p as shown in figure 1. In order to calculate their number Fp(k, l), we
introduce the generating function
Fp(z, t) =
∞∑
k,l=1
Fp(k, l) z
ktl (1)
2
which satisfies the following relation:
Fp(z, t) = t (z + z
2 + · · ·+ zp) + t z
p+1
1− z [1 + Fp(z, t)]
= tz
1− zp
1− z + t
zp+1
1− z [1 + Fp(z, t)] . (2)
The first term corresponds to animals with up to p squares stacked on a single
stair. In the second term, the first factor corresponds to a column with more
than p squares on the lowest stair, such that the animal may or not continue
to grow on the next stair, as indicated in the second factor.
Equation (2) leads to the generating function
Fp(z, t) =
tz
1− z − tzp+1 (3)
which can be expanded to give:
Fp(z, t) = tz
∞∑
m=0
zm(1 + tzp)m =
∞∑
m=0
∑
n
(
m
n
)
zm+pn+1tn+1
=
∑
l≥1
∞∑
k=(p+1)(l−1)+1
(
k − p(l − 1)− 1
l − 1
)
zktl . (4)
Comparing equations (1) and (4), the number of animals with area k living
on l stairs is given by
Fp(k, l) =
(
k − p(l − 1)− 1
l − 1
)
(5)
when k ≥ (p + 1)(l − 1) + 1 and vanishes otherwise. This expression can be
rewritten as
Fp(k, l) =
(
l +m− 1
l − 1
)
, m = k − kmin = k − [(l − 1)(p+ 1) + 1] , (6)
where kmin is the number of squares needed to cover l successive stairs with
a minimal connected cluster forming the basis of an animal, as shown in fig-
ure 1. Thus Fp(k, l) is also the number of unconstrained configurations of the
remaining m = k − kmin squares, placed on top of this basis, which is given
by the binomial coefficient in (6).
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From the addition/induction relation for the binomial coefficients,
(
m+ 1
n + 1
)
=
(
m
n+ 1
)
+
(
m
n
)
we deduce the following recursion relation:
Fp(k + 1, l + 1) = Fp(k, l + 1) + Fp(k − p, l) , k ≥ pl + 1 . (7)
The total number of animals with area k is given by:
Fp(k) =
∞∑
l=1
Fp(k, l) =
∑
0≤m≤ k−1
p+1
(
k − pm− 1
m
)
. (8)
Its generating function is obtained by setting t = 1 in (3) and reads:
Fp(z) =
z
1− z − zp+1 . (9)
According to (7) and (8), Fp(k) satistifies the recursion relation for the gen-
eralized Fibonacci numbers:
Fp(k + 1) = Fp(k) + Fp(k − p) , Fp(1) = · · · = Fp(p+ 1) = 1 .
3 Mean length
We define the mean length of an animal with area k as the mean number of
successive stairs it occupies:
lp(k) =
Ap(k)
Fp(k)
, Ap(k) =
∞∑
l=1
lFp(k, l) . (10)
Introducing the generating function
Ap(z) =
∞∑
k=1
Ap(k)z
k
and making use of equations (1), (3) and (9), we obtain:
4
Ap(z) =
∂Fp(z, t)
∂t
∣∣∣∣∣
t=1
=
z
1− z − zp+1 +
zp+2
(1− z − zp+1)2
=
1− z
z
(
z
1− z − zp+1
)2
= (z−1 − 1)F 2p (z) .
With F 2p (z) =
∑∞
k=2 F
(2)
p (k)z
k, the last equation leads to:
Ap(k) = [z
k] (z−1 − 1)F 2p (z) = F (2)p (k + 1)− F (2)p (k) (11)
where [zk] f(z) is the coefficient of zk in f(z). According to (9) we have
(1− z − zp+1)F 2p (z) =
z2
1− z − zp+1 = zFp(z)
so that:
Fp(k) = [z
k]Fp(z) = [z
k] (z−1 − 1− zp)F 2p (z)
=F (2)p (k + 1)− F (2)p (k)− F (2)p (k − p) . (12)
Hence, combining (10), (11) and (12), the mean length can be rewritten as:
lp(k) = 1 +
F (2)p (k − p)
Fp(k)
. (13)
F (2)p (k) can be expressed in terms of Fp(k) using the relation
z2
d
dz
[
Fp(z)
z
]
= [1 + (p + 1) zp]F 2p (z)
which follows from (9) and leads to:
(k − 1)Fp(k) = F (2)p (k) + (p+ 1)F (2)p (k − p) .
Replacing F (2)p (k − p) by its value taken from (12), one obtains:
(p+ 1)F (2)p (k + 1)− p F (2)p (k) = (k + p)Fp(k) .
Thus we have the recursion relation
F (2)p (k) =
k + p− 1
p+ 1
Fp(k − 1) +
p
p+ 1
F (2)p (k − 1) , F (2)p (1) = 0 ,
5
which can be iterated to give:
F (2)p (k) =
k−1∑
n=1
(
p
p + 1
)n
k + p− n
p
Fp(k − n)
=
(
p
p+ 1
)k k−1∑
n=1
(
p+ 1
p
)n
p+ n
p
Fp(n) , k ≥ 2 . (14)
Together with equation (13), this leads to the mean length in terms of gener-
alized Fibonacci numbers.
When p = 1 the coefficients F
(2)
1 (k) can be obtained more directly than above
for a general value of p (see reference [6], p. 353). They are given by
F
(2)
1 (k) =
2k F1(k + 1)− (k + 1)F1(k)
5
which, together with (14) for p = 1, leads to the following identity for ordinary
Fibonacci numbers:
k−1∑
n=1
2n(n + 1)F1(n) = 2
k 2k F1(k + 1)− (k + 1)F1(k)
5
.
4 Mean height
The mean height of an animal with area k, measured from the staircase, is
defined as:
hp(k) =
Bp(k)
Fp(k)
, Bp(k) =
∞∑
l=1
k
l
Fp(k, l) =
∞∑
l=1
k
l
(
k − p(l − 1)− 1
l − 1
)
.
The absorption/extraction identity gives:
(
k − p(l − 1)
l
)
=
k − p(l − 1)
l
(
k − p(l − 1)− 1
l − 1
)
, l ≥ 1 .
Hence we have
Bp(k) =
kp
k + p
∑
l
(
k − p(l − 1)− 1
l − 1
)
+
k
k + p
∑
l≥1
(
k − p(l − 1)
l
)
(15)
where the last sum can be rewritten as:
6
∑
l≥1
(
k − p(l − 1)
l
)
=
∑
l
(
k − p(l − 1)
l
)
− 1
=
∑
l
(
k + p+ 1− p(l − 1)− 1
l − 1
)
− 1 . (16)
Taking into account the combinatorial definition of the generalized Fibonacci
numbers in (8), equations (15) and (16) yield
Bp(k) =
k
k + p
[Fp(k + p+ 1) + p Fp(k)− 1]
so that the mean height is finally given by:
hp(k) =
k
k + p
Fp(k + p+ 1) + p Fp(k)− 1
Fp(k)
. (17)
5 Asymptotic behaviour
In order to obtain the asymptotic behaviour of the generalized Fibonacci num-
bers, the generating function Fp(z) in equation (9) can be written as the partial
fraction expansion
Fp(z) =
Cp
1− φpz
+ r(z) =
∞∑
k=1
Cp(φpz)
k + r(z) (18)
where φp is the reciprocal of the smallest root in modulus of the denominator
of Fp(z), which is assumed to be a simple root. It satisfies the relations:
φp+1p = 1 + φ
p
p =
φp
φp − 1
. (19)
In equation (18), r(z) gives the contribution of the p − 1 other roots to the
partial fraction expansion. It remains finite at z = φ−1p . At large k-values, the
leading contribution to Fp(k) comes from the first term so that
Fp(k) ≃ Cpφkp , k ≫ 1 . (20)
The calculation of the amplitude Cp proceeds as follows. Taking the derivative
of the inverse of Fp(z), we have:
dF−1p (z)
dz
∣∣∣∣∣
z=φ−1p
= lim
z→φ−1p
F−1p (z)
z − φ−1p
= −φp
Cp
. (21)
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Thus, from (9), we deduce
Cp =
1
1 + (p+ 1)φ−pp
=
1
(p+ 1)φp − p
where the last expression is obtained using (19). It is easy to verify that a
multiple smallest root would lead to a vanishing derivative in (21), which
justifies our previous assumption.
Let us now study the behaviour of the mean length at large k-values. For this
we need an asymptotic expression for F (2)p (k). Equation (14) leads to:
F (2)p (k) ≃ Cp
(
p
p+ 1
)k k−1∑
n=1
p+ n
p
(
p+ 1
p
φp
)n
.
Summing the series, to leading order, one obtains:
F (2)p (k) ≃
Cp
(p+ 1)φp − p
kφkp . (22)
According to equations (13), (20) and (22), the mean length behaves asymp-
totically as
lp(k) =
k
p+ φp+1p
+O(1) =
φp − 1
(p+ 1)φp − p
k +O(1)
where (19) has been used to reduce the denominator.
For the mean height in equation (17), we have the following asymptotic form:
hp(k) = p+ φ
p+1
p +O(k
−1) = p+
φp
φp − 1
+O(k−1) .
These results can be recovered and extended by considering the behaviour
when k ≫ 1 of Fp(k, l) in equation (5). It is obtained by expanding lnFp(k, l)
to second order near its maximum, making use of the Stirling approximation.
The asymptotic distribution is Gaussian and reads:
Fp(k, l) ≃
Cpφ
k
p√
2pi∆l2p
exp
[
−(l − lp(k))
2
2∆l2p
]
.
8
Here lp(k) and
∆l2p =
φp(φp − 1)
[(p+ 1)φp − p]3
k
are the leading contributions to the mean value of lp(k) and to its mean-square
deviation. The prefactor follows from the normalization to Fp(k).
Finally let us examine some special values of p.
The case p = 0 corresponds to the staking of squares on a flat surface [13] for
which
F0(k) = 2
k−1 , F
(2)
0 (k) = (k − 1) 2k−2 , φ0 = 2 .
The mean length in (13) and the mean height in (17) behave as:
l0(k) =
k + 1
2
=
k
2
+O(1) , h0(k) =
2k − 1
2k−1
= 2 +O(2−k) .
The statistics of animals on a staircase with p = 1 is connected to the usual
Fibonacci numbers, F1(k) = 1, 1, 2, 3, 5, 8, · · ·. Then, according to (19), φ1 =
(1 +
√
5)/2 is the golden mean φ and
l1(k) =
k
1 + φ2
+O(1) , h1(k) = 1 + φ
2 +O(k−1) ,
in agreement with the results of reference [14].
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